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§1. Introduction. 

Consider tlie differential expression 

h=-fi{xy^A. (1.1) 

Here A is the Laplacian in R^ with N > 2, and /i(x) is a positive function 
on R^ given by 

/.(x) = h' J" ^ ^^1' (1.2) 

where /ii,/i2 > 0, /xi 7^ /i2, and Vt^, <L = 1,2, are open sets of R^ such that 

\ niUfi2 = fiiUfi2 = R^, ^ ' 

^i being the closure of ^t. It is easy to see that a selfadjoint realization H of 
h is given by 

\ Hu = hu, ^ ' 

in the Hilbert space 

X = L2iR^;fi{x)dx), (1.5) 

where D[H) denotes the domain of H, H''(R^) denotes the k-th order 
Sobolev space over R^, and hu should be taken in the sense of distributions. 
The separating surface S is defined by 

5 = n7nn^ = (9fii = (9^2, (1.6) 

dQe, i = 1,2, being the boundary of Q^. Let 

nW(a;) = (ni'^(x),nf (x),---,nSJ^(a;)) (^ = 1,2) (1.7) 

be the unit outward normal of Qi at x E dQe = S. Obviously we have 
n^^^ (x) + n*-^-* (x) = for X E S. Eidus [6] considered the operator H under 
the following assumptions: there exist positive constants c\ and C2 such that 

\n^N\x)\>c, (xeS), (1.8) 

and 

|a:-n(^)(a;)| <C2 (x E S), (1.9) 

where x ■ n^^\x) is the inner product of x and n^^\x) in R^. Note that a 
cone having its vertex at the origin and the positive XAr-axis as its axis satisfies 



(1.8) and (1-9). Imposing the above assumptions, Eidus [6] proved the hmiting 
absorption principle for if, that is, by denoting by R{z) the resolvent of H, 
the limits 

\imR{X±ir]) = R±{X) in B(L2i(R^),L2-i(R^)) (1.10) 

exist for A > 0, where the weighted L2 space L2,t(R^), t G R, is defined by 

L2,(R^) = {/ : (1 + \x\yf{x) e L2(R^)}, (1.11) 

and B(X, Y) is the Banach space of all bounded linear operators from X into 
Y. Then, Saito [13] showed that L2,i(R^) and L2,-i(R^) in (1.10) can be re- 
placed by L2,5(R^) and L2-s(J^^) with 6 > 1/2, respectively. This means 
that the limiting absorption principle for H holds on the same weighted 
L2 spaces as are used for the Schrodinger operator (cf. Agmon [1] , Ikebe- 
Saito [7] and Saito [11]). Then Roach-Zhang [10] has shown that u = i?''=(A)/, 
where A > and / G L2,5(R^) with 6 > 1/2, is characterized as a unique 
solution of the equation 

i-fiixr'A-\)u = f (1.12) 

with the radiation condition 

lim -- / {Vu ^ iJ Xfi(x)xu\'^ dx = (x = —-), (1-13) 

R^oo R Jbh * \x\ 

Br being the ball with radius R and center at the origin. The condition (1.13) 
is a natural extension of the radiation condition for the Schrodinger operators 
([7], [11]). [10] also gave another proof of the limiting absorption principle for 
H. 

In this work we are going to show the limiting absorption principle for 
H whose separating surface S satisfies a new condition (see Assumption 2.1) 
so that we can treat, for example, the case where Vti is an infinite cylindrical 
domain. Our proof of the limiting absorption principle will show that not only 
the uniqueness of the solution but also the existence of the limit (1.10) can be 
proved through the estimate of the radiation condition term 

Vu = Vu + {{N - l)/{2r)}xu - ikxu, (1.14) 

where 

u = R{z)f, 

fex, 

k = k{x,z) = Jzjj,{x), (1-15) 



r = \x\, 
X = x/\x\ 



The method demonstrated here can be apphed to some other cases where 
the number of the media is more than 2 or infinitely many (multimedia cases). 
We shall discuss these cases with its short-range or long-range perturbation 
eleswhere ([9]). 

Another multimedia problem which has been discussed extensively is the 
stratified media in which the coefficients of the operator are the functions of 
x' G R^ C R^, k < N . Some pertubed operators of the above type have been 
discussed, too. Here we refer Wilcox [16], Ben-Artzi-Dermanjian-Guillot [2], 
Weder[14], [15], DeBievre-Pravica [4] , [5], Boutet de Monvel-Berthier-Manda 
[3], and Zhang [17]. In [5] S. DeBievre and D. W. Pravica proved that there is 
no point spectrum for the stratified propagators without any additional condi- 
tions other than sufficient smoothness of the coefficients at infinity. This is an 
extention of R. Weder [14]. In this work and also in the work [6], [13], and [10], 
we are interested in the non stratified case, in which it seems that the absence 
of the point spectrum can not be obtained without imposing some additional 
conditions. 

In §2 we introduce the conditions on the separating surface S and the 
function /i(a;). In §3 ~ §6 we assume that A^ > 3. The uniqueness of the 
solution of the equation (1.12) with 



liminf / \Vu\'dS = Q, (1.16) 

where Sr is the sphere with radius R and center at the origin, will be shown 
in §3. Our starting point in §3 is an identity involving the radiation condition 
term Vu (Proposition 3.3). This is an extension of a similar identity in the 
case of Schrodinger operator ([7], [12]). Proposition 3.3 is also used in §4, where 
an estimate for the radiation condition term Vu is given. In §5 some more 
estimates for u = R{z)f will be given, and these estimates are combined in 
§6 to give the proof of the limiting absorption principle for H. We discuss 
the case that N = 2 in §7 since we treat this case in a slightly different 
way although the result is rather similar to the case of A^ > 3. As for some 
technichal details of the computations and arguments appeared In §3 ~ §7, we 
refer to Jager-Saito [8]. 
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through SFB 359. Also the second author is thankful to Professor Willi Jager 
for his kind hospitality during this period. 



§2. The operator H = — fi(x)^^A. 

We shall start with describing the conditions imposed on our operator. 

Assumption 2.1. (i) Let A^ be a positive integer such that N > 2 and 
let Qe, £ = 1,2, are open sets of R^ satisfying (1.3). 

(ii) Let the separating surface S be defined by (1.6). The separating 
surface S is assumed to be an A^ — 1-dimensional continuous surface which 
consists of a finite number of smooth surfaces. 

(iii) Let ^{x) is a positive function on R^ given by 

[ fX2 [x e 122), 

where /ii,/i2 > 0, /ii 7^ /i2- Further, we assume that 

il^2 - /ii)(x ■ n«) = (/ii - ^2) (a: ■ n(2)) > (2.2) 

for almost all x G S, where n^^\ £ = 1, 2, is the outward unit normal of dVli at 
X, and X ■ n'-^^ is the inner product of x and n^^-* in R^. 

Remark 2.2. The condition (2.2) requires that the inner products x ■ 

n^^^ and x ■ n'^'^^ do not change their signs almost always on S. Note that the 
above assumption is satisfied if Qi is a cylindrical domain, /ii < /i2, and the 
origin is put in Qi. Also (2.2) is satisfied when S is an [N — 1-dimensional) 
plane. 

Definition 2.3. Let X be the Hilbert space defined by 

X = L2{R^;i^{x)dx) (2.3) 

with its inner product ( , )x and || ||x given by 



(/, 9)x = J^^ fix)g{x)fi{x) dx, 



(2.5) 



IX = [yj,j )x\ 

Then the operator iJ in X is defined by (1.4), that is, 

r DiH) = H^R^), 
1 Hu = hu. 



where h is given by (1.1). It is easy to see that H is a selfadjoint operator in 
X. 



§3. The uniqueness of the solution. 

In this and the following three sections we assume that A^ > 3. 
In order to discuss the uniqueness of the solution of the inhomogeneous 
equation 

- fi{x)-^Au -\u = f (A > 0) (3.1) 

with radiation condition, we shall start with some notations. 

Notation 3.1. Let z E C, x = (a;i,a:2, ■ ■ ■ ,xn), r = \x\, x = (xi,5;2, ■ ■ ■ , 
5: at) = x/r, dj = d/dxj and V = {d/dxi, d/dx2, ■ ■ ■ , d/dx^)- Then we set 

(1) k = k{x) = k{x,z) = [z/i(x)]^/^, where the branch is taken so that 
Im A;(x, z) > 0; 

(2) a = a{x) = a{x, z) = Re k{x, z); 

(3) b = b{x) = b{x, z) = Im k{x, z); 

(4) VjU = djU + {(A^ - l)/{2r)}xjU - ik{x)xjU, where j = 1, 2, ■ ■ ■ , iV; 

(5) Vu = Vu + {{N - l)/{2r)}xu - ik{x)xu; 

(6) VrU = Vu-x = du/dr + {{N - l)/(2r)}M - ik{x)u] 

(7) VnU = Vu -n = du/dn+ {{N — 1) / {2r)} {x ■ n)u — ik{x) {x ■ n)u, where 
n is a unit vector in R^. 

Let u G //^(R^)ioc. Then the restrictions u\g and djulc, j = 1,2,- ■ ■ , N, 
of u and djU = du/dxj onto a smooth surface G are defined as the traces of 
u and djU on G, respectively. Thus u\g and djulc are considered to belong 

to L2(G')loc. 

In this section we are going to prove the following theorem: 

Theorem 3.2. Suppose that Assumption 2.1 with N > 3 holds. Let 
u G //^(R^)jq(^ he a solution of the homogeneous equation 



on R^ such that 



i{x) ^Au- 


\u -- 


= (A > 0) 


(3.2) 


liminf / ( 


du 
dr 


+ u'')dS = 0, 


(3.3) 



where 

SR = {xen^ : |a;| = R}. (3.4) 

Then u is identically zero. 

The proof will be divided into several steps. First, we are going to show 
an identity which directly follows from the equation — ii~^Au — zu = f . 

Proposition 3.3 (c/. [7], Lemma 2.2 and [12], Lemma 2.5.) Set 

f = fi{xy\-Au-Pu), (3.5) 

where u G i/^(R^)ioc. Let ^ be a real-valued, continuous function on [0, oo) 
such that ^ has piecewise continuous derivative. Set ip{x) = a{x)C,{\x\) , where 
a is a simple function which is constant on each Qi. For < r < R < oo, set 

BrR= {xeR^ : r< \x\ <R}, (3.6) 

Then we have 

I {b^ + -^)\Vu\^dx + i2 f ^Imfk^ujdS 

JBrR 2 or ^ JdQenBrR on 

+ [ (^-^)(\Vu\'-\Vr.u\')dx 
JBrR r or 

+c^j r-'(^-2~'^ + h^)\u\'dx 
JBrR r Or 

= Re / ipfi{x)fVrudx (3.7) 

JBrR 

+2-1 V / v^{ ^^~^^^ + \k\^}ix ■ n)\u\^ dS 

^ JdnenBrR r 

+2-^ f i^{2\V,.u\^ - \Vu\^ - CNr''^\u\^) dS 
JSr 

-2-1 f ip{2\Vru\'^ - iVul"^ - CNr'^\u\'^) dS, 

where ili,Q2 satisfies (1.3), S is as in (ii) of Assumption 2.1, d/dn in 
the integrand of the surface integral over dfli fl BrR means the directional 
derivative in the direction of the outward normal n = n*-^-* of dVti, and 

c^ = (iV-l)(iV-3)/4. (3.8) 

To prove Proposition 3.3 we first rewrite (3.5) as 

ik}VrU H 

2r r 



- J2 dPjU + {^^^ - ik}V,u + ^u = fiix)f (3.9) 



i=i 



Then (3.7) is obtained by multiplying botlie sides of (3.9) by ipVrU, taking 
the real part and using partial integration. For the details of computation see 
Appendix, A.l of [8]. The following lemmas are also used for the proof of 
Theorem 3.2. 

Lemma 3.4. Let ^p{x) = ^(|a;|) and let ^ be a continuous function on 
[0, oo) such that ^ has piecewise bounded continuous derivative ^' and ^{0) = 
0. Let S be an N — 1-dimensional continuous surface which consists of a finite 
number of smooth surfaces. Let F{x) be a locally Li function with locally 
Li derivatives in a neighborhood of S. Then we have, R> 0, 

I ip{\x\)F{x)dS= f^^( f F{x)ds)dr, (3.10) 

JBuns Jo or KJBrRDS J 

where, for < r < R < oo, BrR is as in (3.6), and Br = {x E R^ : |a;| < 
R} is an open ball with origin and radius R. 

Proof. Since F{x) can be approximated by a sequence of C^ functions in 
a neighborhood of S, we may assume that F is a C^ function. For e > set 

S, = {xeR^ : dist(a;, S) < e} (3.11) 

where dist(x, S") is the distance between x and S, and let Xs,e{^) be the 
characteristic function of the set S'e. Then we have by an easy computation 



d^f 



R 

. , F{x) dx ] dr 

or KJBrRns^ 

R 



R 




R rt 



I i\r)(j xsA^)n^)dS]dr 

JO^ \JBrB / 

e{r) j^ i^j^^ XsA^)F{x) dS^ dtdr 
ar)^j^XsA^)F{x)dS^drdt 

^(^){l^xsA^Mx)dsyt 

ip{\x\)xsA^)Fix)dx. 



(3.12) 



JO 
R 



The equality (3.10) (for smooth F) is obtained by dividing both sides of (3.12) 
by e and letting e | 0, which completes the proof. || 

Lemma 3.5. Let u G /J^(R^)ioc be a solution of the homogeneous equa- 
tion (3.2) with A > 0. Let Qi and Q2 satisfy (i) and (ii) of Assumption 
2.1. 



(i) Let < r < R < oo. Then we have 

2 

du 



V / Im{A;^ll} dS 

IdUenBrR on 



du 



/ lm{k—-u}dS+ / lm{k—-u}dS, 
Jsr or Jsr or 



(3.13) 



where BrR is given by (3.6). 

(ii) Let ^p{x) = ^{\x\) and let ^ be a real-valued, continuous function on 
[0, oo) such that C^ has piecewise continuous derivative C,' > 0, and ^{0) = 0. 
Then we have, for < R < oo. 



19^ 
Bu^dr 



Vu\^dx + y f (pIm{k^u}dS 

^ JaninBa on 

- JBn2dr ' ' JBn2dr^^ ' 

-aR) / lm{k—u}dS, 
Jsn or 



du 



dr 



dx 



(3.14) 



where k = k{x) = J\n{x). 

Proof. (I) Multiply both side of 

— Am — fi{x)Xu = 



(3.15) 



by ku and integrate over BrR. Then, (3.13) is obtained by taking the imagi- 
nary part and using partial integration. 

(II) It follows from (3.13) and Lemma 3.4 that 

du 



y^ / (plm{k—-u} dS 

jT[ JaQiDBR on 



T.r^(f lm{k^u}dS]dr 

^Jo or \Jdnt,nBrR on 



— I / lm.{k—u}dS]dr 



dr \Jsr 

^ dip / 



+ 







dr \ 



/ lm{k^—u}dS]dr 
JSr dr J 



-am I lm{k^u}dS+ [ ^lm{k^u}dx. (3.16) 

Jsr or J Br or or 



:—-u}dS+ / ^-^-r;. - 

ISr 'Or J Br 

(III) Now we are going to evaluate the term \'Du\'^. By definition and the 
Schwarz inequahty it follows that 



or 

iV-1 ,du , (iV-l)^ ,2 /0 1VA 

+ Re{—u)+^——^\u\\ (3.17) 

> _2Im(A;^tl) + (|Vix|2 - |^|^) + kM^. 
or or 

Multiply both side of (3.17) by dip/dr and integrate over B^i. Then, using 
(3.16), too, we have (3.14). || 

Now we are in a position to prove Theorem 3.2. Here and in the sequel 
we agree that C = C{A, B,- ■ ■) in an inequality means a positive constant 
depending on A,B,---. But very often symbols indicating obvious dependence 
such as the operator H will be left out. 

Proof of Theorem 3.2. Let u G if ^(R^)ioc be a solution of the homoge- 
neous equation (3.2). Let Ro > I and define ip by 

r \x\ (0 < \x\ < Ro), 
p{x) = ' ' ,7 " (3.18) 

\ Ro {\x\ > i?o). 

The function p satisfies the conditions given in Proposition 3.3 and Lemma 
3.5. Then it follows from (3.7) in Proposition 3.3 with / = 0, 6 = 0, k = 
\fi(x) and Lemma 3.5, (ii) that, for any R > Ro > r > 0, 

/ -k'^\u\'^ dx 

JBrR,-, 2 

<RoCf {&' + \u\')dS 
Jsr or 

+2-1 / r{\Vuf + CNr-^\u\^) dS 

+ / -r\Vu\'^ dx + y^ / r\ui{k—-u\ dS 

J Br 2 ^ JaninBr On 



(3.19) 
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with a positive constant C = C{\), where we have used the facts that 



r 2 or 

du 2 



Vm 



dr 



>0, 



(3.20) 



-2\Vru\^ + \Vu\^ + CNr~^\u\^ < \Vu\^ + CNr~'^\u\^ , 

V/ i^\k\\x ■ n)\u\^ dS 

^ JdQenBa 

JsnBn 

Here the last inequahty follows from (2.2) in Assumption 2.1. Since u G 
i/^(R^)ioc with A^ > 3, it follows from the Hardy inequality that u/r is 
locally L2(R^), and hence the second term of the right-hand side of (3.19) 
tends to zero as r — * along a suitable sequence {vm}, i.e., 



r{\Vu\' + CNr-'\u\') dS ^ 0. 



(3.21) 



as Tm — ^ 0. The last two terms of the right-hand side of (3.19) tend to as 
r I 0, since their integrands are integrable. Thus we have 

/ -e\u\^dx<RoC f (&^+\u\^)dS (R>Ro)- (3.22) 

Jbr^^ 2 Jsr dr 

Therefore, by letting i? ^ oo along an appropriate sequence {Rm}, the right- 
hand side of (3.22) becomes 0, i.e., we have. 



-k'^lul'^ dx = 



for any Rq > I, which implies that u is identically zero. 



(3.23) 



Using Theorem 3.2, we can easily show the nonexistence of the eigenvalues 
of the operator H. 

Corollary 3.6. Suppose Assumption 2.1 with N > 3 holds. Then the 
operator H has no eigenvalues. 



11 



Proof. Since H is nonnegative, we have only to show that H has no 
nonnegative eigenvalues. Suppose that u G D{H) = iJ^(R^) be an eigen- 
function associated with a positive eigenvalue A of H. Then, since -u is a 
solution of (3.2) and satisfies the condition (3.3), u is identically zero, which 
is a contradiction. Suppose that is an eigenvalue of H and u is the corre- 
sponding eigenfunction. Then u becomes also an eigenfunction of the operator 
— A and A = becomes an eigenvalue of — A, which is again a contradiction 
since — A does not have eigenvalue A = 0. || 

Finally we shall show that the radiation condition 

liminf / \Vi^^u\^dS = (3.24) 

liminf/ \^^iku\^dS = (3.25) 

i^^oo Jsr dr 

implies that (3.3) for a solution u G -ff^(R^)ioc of the equation (3.2). Here 



'Sr 

or 



k = J\fi(x) and V^^^u is given by 

pWw = du/dr + {{N - l)/{2r)}u t ik{x)u. (3.26) 

Theorem 3.7. Suppose Assumption 2.1 with N > 3 holds. Let u G 
i/^(R^)ioc be a solution of the homogeneous equation (3.2) with A > 0. 
Suppose that (3.24) or (3.25) holds. Then u is identically zero. 

Proof. We have only to show that the condition (3.24) or (3.25) implies 
(3.3). Here we shall consider the condition 

liminf/ \Vi+\\^dS = {). (3.27) 

R-*oo Jsr 

All the other conditions can be treated similarly. Multiply both sides of (3.2) 
by M, integrate over Br with i? > and take the imaginary part. Then we 
obtain 

Im / —udS = Q. (3.28) 

Jsr or 

Since we have from (3.28) 

Im / {Vl+^u)udS = - f k\u\^dS (3.29) 
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with k = v'A/I, it follows that 

ko f \u\^dS < f \Vi+^u\\u\dS 

<^f lul-'dS+^f iP^MprfS, (3.30) 

2 Jsr 2ko Jsr 

or 

/ \u\^dS<^f \Vi+^u\^dS, (3.31) 

where ko = J\ram{jj,i, 1x2)- On the other hand we have 



Sr 



du 



dr 



dS<2 \Vl+^u\^dS + 2 



Sr 



.N-1. 



+ k'i] \u\'dS (3.32) 



for i? > 1 with ki = wAmax(/ii,/i2). Thus it follows from (3.31) and (3.32) 
that there exists a positive constants C = C{\) such that 

du ^ 

'Sr 



Sr 



dr 



dS <c I \V[+\?dS, 
Jsr 



(3.33) 



which completes the proof. 



Later we shall need the following corollary which guarantees the unique- 
ness of the inhomogenous equation 



with one of the conditions 



f 1 

/ -iVi^^l"^ dx < 00, 
Jer r 
f 1 Ou 

/ -\— - ^ iku\'^,dx < 00, 
Jer r or 



(3.34) 



(3.35) 



where Er = {xeR^ : |a;| > R}, R> 0. 

Corollary 3.8. Let A > and let f G L2(R^)ioc- Then the solution 
u G H^(R^)\oc of the equation (3.34) with one of the radiation conditions in 
(3.35) is unique. 



Proof. Let ui and U2 be the solutions of the equation (3.34) satisfying, 



say, 



/ -\Vi+^uA^ dx < 00 (j = l,2) 

Jer r 



(3.36) 
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with R > 0. Set u = ui — U2-- Then -u is a solution of the homogeneous 
equation (3.2) and satisfies (3.36) with u replaced by ui — U2, which implies 
that 

liminf / \Vi+^u\^ dS = 0. (3.37) 



R^oo Jsn 

Therefore we have u = from Theorem 3.7. 



§4. An estimate for the radiation condition. 

Let L2,t(R^) be the weighted Hilbert space defined by (1.11). Let the 
resolvent {H — z)~^ of the operator H will be denoted by i?(2;). Now consider 
M G X defined by 

u = R{z)f, 

z = X + ir] (A > 0,77^0), (4.1) 

/ G ^2,.(R^). 

In this section we are going to prove the following 

Theorem 4.1. Suppose that Assumption 2.1 holds with N > 3. Let 
1/2 < 6 < 1. Let u be given by (4.1). Then there exists a positive constant 
C = C{6) such that 

WVuWs^, < CWfWs, (4.2) 

where Vu is as in Notation 3.1, || ||f is the norm of L2,t(R^), and the 
constant C{6) is independent of f and z satisfying (4.1). 

In order to show the theorem we need a lemma. 

Lemma 4.2. Let z = X + irj E C\R. Let a, b, k be as in Notation 3.1. 
Then we have 



V /kl + A 
HV 2 



a = a{x, z) = ^J ii{x)ca{z) \Ca{z) 

b = b{x,z) = Ji2{x)cb{z) icb{z) = ), 

V v/2(k| + A)/ 



(4.3) 



[ \k\' = \kix,z)\' = fiix)\z\. 
Since the lemma is shown by an easy computation, we shall omit the proof. 
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Proof of Theorem 4.1. (I) Let ^(r) be defined by 

j r (0 <r < 1), 



Set 9?(x) = ^{r)/Jfi{x), where r = |a;|, and u = R{z)f in (3.7) of Proposition 
3.3. We are going to evaluate each term of the left-hand side and the right-hand 
side of (3.7). Here we set < r < 1 < R. 

(II) Let 

hi= f {bv + \^)\Vu\'dx. (4.5) 

•^ Br-R ^ Or 

Then we have 



1 f 1 

'Ll > - / ~1= 

2 JBrl J^[x) 



It, > - I / Wul^dx 



If ^^ / {l + ry'-^\Vu\'dx (4.6) 

2JB,n2^^-\Uiix) 



> '' 



2VMo 
where Mq = max(/ii,yU2), and 



/ (l + r)^^-^|r'Mpda;, 



2^-1 
C5 = -^25^- (4-7) 



(III) Let the second term of the left-hand side of (3.7) be denoted by Il2- 
Note that we have 

/ (p{x)lm{k—-u} dS 

JdQinBrR on 

= f ^,/iI^m{c4z)^u}dS (4.8) 



r rj-ii 

= ^{^r)\m{c.{z)—^u}dS (£ = 1,2), 

where C-{z) = Ca{z)—icb{z), and Ca{z) and Cb{z) are as in Lemma 4.2. Noting 
that n*^^^ + n*^^) = 0, we have Il2 = 0. 



(IV) Set 



Il3 = I (- - ^)i\Vu\^ - \Vru\^) dx. (4.9) 

JBrR r Or 
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Since it is easy to see that the integrand is nonnegative, we have Jls > 0. 
Similarly we have 

Il4 = cn f r-\^-2-^^ + bip)\u\^dx>0. (4.10) 

JBrB r or 

(V) Using the Schwarz inequality, we have 
/ri = Re / (pj2{x)fVrudx 

JBrR 

<^J {l + rf'-^\f\VrU\dx (4.11) 

4e JBrR JBrR 



where e is an arbitrary positive number. 

(VI) Let Ir2 be the second term of the right-hand side of (3.7). Then, 



lR2 = 2~'(J:f v^-^^L^{x ■ n)\u\' dS 

V ^ JanenBrR r 

+ E / iflk^x ■ n)\u\^ dS 



— ^ [-'R2 + -'. 



£—1 JdQinBrR 
R2\- 

(1) 



(4.12) 



Here, as in (II), we see from Lemma 4.2 that /)j2 = and 
41=/ ^/ii|z|(x-n«)|M|2rf^ 



+ / ^/i2k|(2-n(2))|M|2rf5 



S ^2 

e(r)(v^-v^)k|(x-n«)|M|2rf5 
snB^R 

^^''^ :(^i-^2)kl(5?-n«)|M|2rf5 



iSr\B,R y/jH + v^ 
< 0, (4.13) 

where we have used (2.2) in Assumption 2.1 again. Thus we have 1^12 < 0. 
(VII) It follows from (II) ~ (VI) that 
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cs 



AJMq Jb^r 



'l + r?^-^\Vu\''dx 



<f!^/ {l + rf^\f\^dx 



where we set 



+2-1 f ip{\VrU\'^dS 

+2~^ f ^{\Vu\^ + CNr-^\u\^)dS, (4.14) 

J Or 



(4.15) 



in (4.11), and we have used the third and fourth inequahties in (3.20) to 
eveluate the third and fourth term of the right-hand side of (3.7), Proceeding 
as in the proof of Theorem 3.2, we can let i? f oo and r | along suitable 
sequences {Rn} and {r„} to obtain 



Cs 



2a/M 



= / (1 + rV^'^lVul^ dx 



Mo'/^ 



Cs 

which completes the proof. 



<^^f {l + rr\lfdx, (4.16) 

Cs JR^ 



Theorem 4.1 is combined with the inequality 

l- 



Vu-ikxu\'^ <2\Vu\'^+ ^ ^' \u\^ (4.17) 



to obtain the following corollary: 

Corollary 4.3. Suppose that Assumption 2.1 with N > 3 holds. Let 
1/2 < 6 < 1. Let u be given by (4.1). Then there exists a positive constant 
C = C{6) such that 

(1 + rf^~^\Vu - ikxu\^ dx < C{\\f\\] + ||Mf_5), (4.18) 

El 

where 

El = {x G R^ : |x| > 1 }. (4.19) 
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§5. Boundedness of R{z). 

Using the estimates for the radiation condition term Vu (u = R{z)f), 
which were given in the preceding section, we are going to prove several uni- 
form boundedness estimates for R{z). At the same time the first theorems 
(Theorems 5.1 and 5.2) will prepare the arguments given in §6, where we shall 
discuss the limiting absorption principle for the operator H. 

Theorem 5.1. Suppose that Assumption 2.1 holds with N > 3. Let 
1/2 < 6 < 1. Let u = R{z)f , where f G L2,5(R^) and z = X + irj with 
^ ^ 0, 1] ^ 0. Then there exists a positive constant C = C{6) such that 



f {1 + r)-^\\Vu\^ + \k\^\u 
JEs 



2^ 



dx 



< C{1 + v/kl)(l + s)-^''-'\\\f\\l + \\ur_s) {s > 1), (5.1) 

where Es = {x E R^ : |a;| > s}, and \\ \\t is the norm of L2,t(R^). The 
constant C = C{6) is independent of f and z satisfying the above conditions 
and s > 1. 



Proof. Let a{x) = 1/J fi{x). Then, as we have seen in (III) of the proof 
of Theorem 4.1, we have 

^ r -du 

y a\m{k—u}dS = 0. (5.2) 

^ JdQenBr on 

Multiply both sides of the equation fif = — A-u — k'^u by aku, integrate over 
Br and take the imaginary part to obtain 

/ aiAm.[kfu)dx = —j ha{\Vu\^ + \k'\^\u\^) dx 

f -du_ ^^■'^> 

— / Q;Im(A;— — -u) dS, 
Jsr or 

where we have used (5.2). Combining 

f)^ 

I Vit - ikxu\'^ = iVwp + |A;p|Mp - 2Im(A;--M) (5.4) 

or 



with (5.3), we obtain 



J a{\Vu\^ + \k\^\u\^) dS 

= / a\Vu — ikxu\^ dS — 2 afilra{kfu) dx 



(5.5) 
ha{\Vu\^ + \k\^\u\^)dx 

l3r 



< I a\Vu-ikxu\'^dS + 2^11^4 f\\s\\ku\\.&, 



Multiply both sides of (5.5) by (1 + r) ^"^ and integrate from s to oo. Then, 
setting /io = min(/ii,/i2) and Mq = max(/ii, /i2), we have 



^ / il+ry^WVu\^+\k\^\u?)dx 
'Mq Jes 

<—=l {l + ry'^^\S/u-ikxu\^dx 



+ ^(^^il + s)-^''-''\\f\\s\\kuU (5.6) 

which, together with Corollary 4.3, gives (5.1). || 

In the next theorem an improved estimate for u = R{z)f will be given. 

Theorem 5.2. Suppose that Assumption 2.1 holds with N > 3. Let 
1/2 < 6 < 1 . Let u = R{z)f, where f G L2,5(R^) and z = \ + ir] with 
A > 0, 1] j^ 0. Then there exists a positive constant C = C{6) such that 

[ {l + r)-^'\u\^dx<Cil + s)-^^''-'^-^\\f\\l (s>0). (5.7) 

JEs \z\ 

The constant C = C{S) is independent of f and z satisfying the above 
conditions and s > 0. 

Proof. Multiply both sides of the equation fif = —Au — k'^u by aau, 



integrate over Br and take the imaginary part, where a{x) = 1/Jjj,{x) again. 
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Then we have 

,du 



/ aanlm(fu) dx = — / aalm(—-u) dS, 

J Br JSr or 

— / 2a?ha\u\^ dx [h.i 

< — / aalmf— — m) rfS, 
JSr or 



where we have noted that (5.2) holds with k replaced by a. Since 

,_ ,^ ,du N — l , ,2 9, ,9 ^ ,du , 

VDruV' = T^ H h &M + a\ur - 2aIm(--M) 

or 2r or 

>a \u\ — 2alm(— — -u), 
or 



(5.9) 



we have from (5.8) 

/ a^alul"^ dS < / alVru]"^ dS — 2 / aafilin{fu) dx, (5.10) 

and hence, by the use of the first relation of (4.3), it follows that 

/ \u\'dS<^^f \VM'dS+^^\\f\\s\\u\\_s (5.11) 



with e{z) = ^J2{\z\ + X). Muhiply both sides of (5.11) by (1 + r)-^'' and 
integrate on (s, oo). Then we see that, for s > 0, 

{l + r)-'^^\u\'^dx 

' < -r^{l + s)-'^''-'^ j {l+rr-^\VM'dx (5.12) 

A i\/r 

(l + 5)-(2^-l)||/||,||^||_,. 



4Mo 



e{z){25-l)^. 



Note that e{z) ^ < 1/J2\z\. Then, by setting s = in (5.12) and using 
Theorem 4.1, it follows that there exists a positive constant Ci = Ci{5) such 
that 

\\n\ts<^\\f\\l (5.13) 

The estimate (5.7) is obtained from (5.12), (5.13) and Theorem 4.1. || 
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The following corollary is obtained easily when Theorems 5.1 is combined 
with Theorem 5.2. 

Corollary 5.3. Suppose that Assumption 2.1 holds with N > 3. Let 
1/2 < 6 < 1. Let u = R{z)f, where f G L2,5(R^) and z = \ + ir] with 
A > 0; 1] j^ 0. Then there exists a positive constant C = C{6) such that 



/ {1 + r)~^\\Vu\^ + \k\^\u\^) dx 
' 1 1 



(s>l), 



(5.14) 



where Eg = {x E R^ : |a;| > s}, and \\ \\t is the norm of L2,t(R^). The 
constant C = C{6) is independent of f and z satisfying the above conditions 
and s >1. 

Now we are in a position to show some estimate of the operator norm of 
R{z). For < c < d < oo a subset J±{c, d) of C are defined by 



J+{c, d) = { z = \ + irj : c < \ < d, < rj < I }, 
J-{c, d) = { z = \ + ir] : c < A < rf, -1 < r] < }. 



Let t G R. The weighted Sobolev spaces iJ/(R^) 
completion of C^(R^) by the norms 



(5.15) 
1,2, are defined as the 



Mi,t 



R~ 



{1 + ry\\Vu\' + \u{x)\') dx 



1/2 



and 



m\2,t 



l + r 



>2t 



R^ 



y^ \d'^'u\'^dx 

7l<2 



1/2 



(5.16) 
(5.17) 



respectively, where 



7= (7i,72,---,77v), 

I7I = 7i +72 H ^1N, 

d^u = {diy^ ■ ■ ■ {dNT^u {dj = d/dxj). 



(5.18) 



The inner product and norm of Hl{Rl^) will be denoted by ( , )j^t and 
II \\j^f For an operator T, the operator norm in B(iJ^(R^), i^/(R^)) will be 
denoted by ||T|||.'i, where j, £ = 0, 1,2, s,t G R, and we set 

/7?(R^) = L, JR^). 



(5.19) 
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Theorem 5.4. Suppose that Assumption 2.1 holds with N > 3. Let 
1/2 < 6 < 1 . Let R{z) be the resolvent of H . 



(i) Then there exists a positive constant C = C{6) such that 



mm 



(0,-5) 
(0,5) 



< 



c 



(5.20) 



for z = X + irj ^ C with A > and rj ^ 0. 



(ii) Let < c < d < oo and let J±{c, d) be as above. Then there exists a 
positive constant C = C{6, c, d) such that 



mm 



(2,-5) . ^ 
(0,5) ^ "-^ 



(5.21) 



for z G J+(c, d) U J-ic, d). 



Proof. (i) directly follows from (5.10) in Theorem 5.3 with s = 0. It 
follows from (4.2) in Theorem 4.1 that 



El 



l + rr^^\Vu\'^dx 

r)-^^\Vu\^dx 



<2 / (1 

'El 



<2 / (1+r) 

J El 



+2/ (H 

J El 

^'-^\Vu?dx 



-25 



N 



2r 



-xu — ikxu 



dx 



(5.22) 



<a 



£i V 2 

l + C,{6,c,d)\\uts 



{i\^r+\k\'yi+rrvdx 



with positive constants C2 = C2{S) and C3 = 03(6, c, d), where u = R{z)f 
with / G L2,5(R^) and z G J+(c, (i) U J-(c, d). Since the L2(-Bi)-norm of 
Vm can be evaluated by the interior estimate, we obtain from (5.22) and (5.20) 

\\u\\i,-5<C^{S,c,d)\\f\\2,s (5.23) 

with a positive constant C4 = 04(6, c, d), which implies that 

mm\t:J)^ < C,i6, c, d) (z G Mc, d) U J^{c, d)) (5.24) 

with a constant C5 = 6*5(5, c, rf). Using the relation A-u = — fif — k^u, we 
have from (5.20) 

||Am||_^<C6(5, c, rf)||/||, (5.25) 
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with a constant Ce = C^{5, c, d). The inequahty (5.21) follows from (5.23) 
and (5.24) ([8], Proposition A. 2), which completes the proof. || 



§6. Limiting absorption principle. 

By the use of the results established in §3, §4 and §5, we can show the 
limiting absorption principle for the operator H in R^ with A^ > 3 using the 
arguments used to prove the limiting absorption principle for the Schrodinger 
operator (e.g., [11], [7]). 

First we shall define the boundary value R^{X), A > 0, of the resolvent 
R{z) when z = X + irj -^ X. 

Theorem 6.1. Suppose that Assumption 2.1 holds with N > 3. Let 
l/2<5 <l . Let f e L2,5(R^) and let A > 0. Then there exist 



limR{X + ir])f = u+{-, A, /), 
\imR{X-ir])f = m_(-. A, /), 



(6.1) 



in H^g(R^), where //^^(R^) is given in §5, and «+(-, A, /) [ or «_(■, A, /) ] 
is a unique solution of the equation 



-/i(x) ^Au — Xu = f, 

l^^ u\\s-i < oo [or ||'D*^^-'-u||5_i < oo 



(6.2) 



with 

pW^ = Vm + {(A^ - l)/(2r)}ra T i^xil{x)xu. (6.3) 

Proof. For each n = 1, 2, ■ ■ ■ let z„ = A + i?7„, where ?7„ > and 
?7„ I as n ^ oo. Set Un = R{zn)f, n = 1, 2, ■ ■ ■. Then, in view of Corollary 
5.3 and Theorems 5.4, we see that not only the sequence {«„} is a bounded 
set in iJ^5(R^) but also ||'Un||i,_5,£;^ is uniformly small for n as s ^ oo, 
where 

\K\\l^5,E. = / (1 + \x\)'^'\un\^dx. (6.4) 

J Es 

Therefore, by the Rellich selection theorem, {«„} has a subsequence which 
converges to a limit function uq in ^^^^(R^) (see, e.g., [8], Proposition A. 3). 
Since Uq turns out to be a unique solution of the equation — Au — k'^u = 
jj,f with radiation condition ||'D*^+)-u||5_i < oo, i.e., Uq = «+(-, A, /), it follows 
that the sequence {«„} itself converges to Uq = «+(■, A, /) in iJi^(R^). 
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The existence of the first hmit of (6.1) follows from the above argument. The 
existence of the second limit of (6.1) can be proved in the same way. || 



Definition 6.2. Let A > 0. Then the operators R±{\) are defined by 
1 R.{X) : L,4K^) 3f^ u.i; X, f) e i/!,(R^), 



(6.5) 



Let D± C C be given by 



D^ = {z = X + iri : X>0,ri>0}, 
D_ = {z = X + ir] : A>0, r7<0}. 



(6.6) 



iX + ir]) 


{X>0,r]> 0), 


:+(A) 


{X>0,r] = 0), 


iX + zv) 


{X>0,ri< 0), 


:_(A) 


(A > 0,77 = 0). 



Then the resolvent R{z) will be extended on each of D± by the use of R±{X), 
i.e., for z G -D+ we set 

R{x+tr]) = { 7';;^ ^'" ;;■; ;' ■' ' ;;' (6.7) 

and for z E D^ we set 

R{x + ir]) = { "~"^ ; " ; ' "' ' ^ ;" (6.^ 

^ " \ i?_(A) (A > 0,77 = 0). ^ 

For < c < d < 00 let J±{c,d) be as in (5.15). The closure J±{c,d) 
are given by 

r J+ic,d) = {z = X + tr] : c<X<d, 0<r]<l}cD+, 
\j-{c, d) = { z = X + iri : c < A < rf, - 1 < ?] < } C Z^_. 

For A G D+n(0, oo) [or D_ fl (0, oo)], Vu should be interpreted as !?(+) [or 
2)(-)]. 

From Theorems 6.1, 5.1, 5.2, 5.4 and Corollary 5.3, we easily see the 
following: 

Theorem 6.3. Let 1/2 < 6 < 1. Suppose Assumption 2.1 holds with 
N > 3. Let R{z) he extended on each of D+ and D^. 
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(i) Then there exists a positive constant C = C{6) such that 



fj2 

\z\ 



{s>0, fe L2,5(R'^)), 



II^WII 



(0,-<5) 
(0,5) 



< 



c 



(6.10) 



{zeD,U D' 



[ \\VRiz)f\\s-i < CWfWs {zeD+u D., f e L2,sinn) 



(ii) For < c < d < oo there exists a positive constant C = C{c, d, 6) 
such that, for z G J+(c, d) U J-{c, d), 



{ II^(^)II1mY^<c, 

'l+rr'\\VR{z)f\' + \k\'\R{z)f\')dx 
<C2(l + s)-(25-i) 



(6.ii: 



(s > 1, / e L2,^(R^)). 



The next proposition will be used when we prove continuity of R{z) with 
respect to z and the compactness of the operator R{z). 

Proposition 6.4. Let 1/2 < 5 < 1. Suppose that Assumption 2.1 holds 
with N > 3. Let R{z) be extended on each of D^ and D^. Let {fn} be a 
sequence in L2,5(R^) such that 



fn -^ /o weakly in L2,s(R 



N^ 



(6.12) 



as n ^ oo, and let {zn} C J+{c, d) [ or {zn} C J+{c, d) ] with < c < d < 
oo such that 

Zn —^zq (n ^ oo). (6.13) 

Then there exists a sequence {^fcjfc^i of positive integers such that 



Ui < n2 < n^ < ■ ■ ■ < Uk < 



oo. 



and 



as k -^ oo, where m„^ = i?(2;„J/„^. 



in HU^^: 



(6.14) 
(6.15) 
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Proof. We are going to give the proof for the case that zq = Xq & 
[c, d] and {zn} C J+(c, d). The case that zq is not a real number can be 
treated more easily. Set «„ = R{zn)fn- Using Theorem 6.3 and proceeding 
as in the proof of Theorem 6.1, we see that there exists a subsequence of 
{Un} which converges to a limit function Uq in i^i^(R^). Then it is easy 
to show that Uq G /J^^(R^) and that Uq = ■u+(-,Ao,/o) = -R(Ao)/o5 which 
completes the proof. || 

The following properties of the extended resolvent R{z) follows directly 
from the above proposition. 

Theorem 6.5. Let 1/2 < S <1. Suppose that Assumption 2.1 holds with 
N > 3. Let R{z) he extended on each of D+ and D^. 

(i) Then the extended resolvent R{z) is a B(L2,5(R^), H'^^{Rj^)) -valued 
continuous function on each of D^ and D_ . 

(ii) For any z G -D+ [or D^], R{z) is a compact operator from 
L2,5(R^) into i/l^lR^). 

Proof. (I) The proof of (i). Suppose that there is zq G -D+ at which 
R{z) is not continuous in the topology of B(L2,5(R^), H^^{BJ^)). We may 
assume that Zq = Aq > 0, since the other case can be handled more easily. 
Then there exist cq > and sequences {zn} C -D+, {/„} C L2,5(R^) and 
/o G 1.2,5 (R^) such that 

Zn ^ Ao (n ^ oo), 

ll/n|U = l (n=l,2 

fn -^ /o weakly in L2,5(R 

. ||-R(Ao)/n - R{Zn)fn\\l-5 > Cq 



5 ■"? 



;v, (6-16) 



Applying Proposition 6.4 for the sequence {i?(Ao)/n}, we see that there exists 
a subsequence {/n^} of {/„} such that 

R{\o)fn, - i?(Ao)/o in H^R'') (6.17) 

as A; ^ oo. Apply Proposition 6.4 again for the sequence {R{znJ fnk}'kLi to 
see that there is a subsequence {R^Zn,. )fnk }^=i such that 

R{znJfn,^^R{\o)f, in i/i,(R^). (6.18) 
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as p ^ oo. Therefore it follows from (6.17) and (6.18) that 



\\R{\o)fn,-R{z^Jf. 



nkr, II 1,-5 



tp 



<||i?(Ao)/„,^-i?(Ao)/o||i,-5 

+ ||i?(Ao)/o-i?(^n,J/„,J|l,-. 

as j9 -^ oo, which contradicts the fourth relation of (6.16). Thus we have shown 
that R{z) is a B(L2,5(R^), -f/^l^(R^))-valued continuous function on each of 
D+ and D^. 

(II) Proof of (i) (continued). Let z, Zq G -D+ [or z, Zq G -D_]. The conti- 
nuity of R{z) in B(L2,5(R^), -^/^^^(R^)) is combined with the relation 

AR{z) - AR{zo) 

= -znR{z) + zofiRizo) (6.20) 

= {zo - z)Rizo) + z{R{zo) - R{z)) -^ 

in B(L2,5(R^), 1/2,-5 (R^)) as 2; -^ Zq to obtain the continuity of R{z) in 
B(L2,5(R^), H\^{n^)) (cf., e.g., [8], Proposition A.3 in Appendix A.2). This 
completes the proof of (i). 

(III) Proof of (ii). Let {/«} be a bounded sequence in L2,5(R^). We may 
assume with no loss of generality that the sequence {/«} converges weakly in 
L2,5(R^). The weak limit will be denoted by /q. Then, applying Proposition 
6.4, we see that there exists a subsequence {fnk}T=\ ^^ch. that 

R{z)U^ ^ R{z)fo in i7i5(R^) (6.21) 

as k ^ 00, which completes the proof of (ii). || 

(i) of Theorem 6.5 and the spectral formula for self-adjoint operators are 
combined to give 

Corollary 6.6 Suppose that Assumption 2.1 holds with N > 3. Then the 
self adjoint operator H is absolutely continuous on the interval (0, 00). 



§7. The operator iJ in R^. 

In the two dimensional case, the constant cjv given by (3.8) takes the 
value C2 = —1/4 < although cat > for all iV > 3. Because of this, we 
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are going to make some technical changes in the theory which was dveloped in 
§3 ~ §6. Also we should note that u/\x\ is not necessarily integrable around 
X = for -u G i/^(R^)ioc although we have 



'^ - '->2\ /„, ^ Tj2f-D2\ 



\x 



1/2 



G L2(R')ioc (u G H\RX,) (7.i: 



since u G i/^(R^)ioc is a continuous function on R^. We are going to use 
Notation 3.1 (with N = 2) throughout this section. 

7.1. Uniqueness of the solution. 

The uniqueness theorem takes the following form: 

Theorem 7.1. Suppose that Assumption 2.1 with N = 2 holds. Let 
u G iJ^(R^)ioc he a solution of the homogeneous equation 

- fx{x)-^Au - Am = (A > 0) (7.2) 

on R^ such that 



liminfi?" 



du 



dr 
with a > 0. Then u is identically zero. 



2 



+ \u\^)dS = Q (7.3) 



Proof. (I) Note that Proposition 3.3 and Lemma 3.4 are true for the case 
of iV = 2 without any change. Also Lemma 3.5 is true if we add a condition 
that 

^ = 0{r) (7.4) 

as r I 0. 

(II) We may assume with no loss of generality that < a < 1. Let 



|xp (0 < |a;| < ro), 

\x\" (\x\ > ro) 



^(^)= '^Lu,^ ._" '7 '' (7-5) 



in (3.7), where tq > will be determined later. Proceeding as in the proof of 
Theorem 3.2, we have from (3.7), for any R> r^ > r > 0, 
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l^v, 



JBji 2 ar JB^fl r or 



^2(V 



A J Br 



du 
Or 



-2''^)\u?dx 



) dx 
dr ' 



(7.6) 



<'r^Y.\ ^\kf{x-n)\ufdS 

£—1 Jd^inBrfi 

+2-Vo2-"i?" / (2\Vru\^ - \Vu\^ + -r--^\u\Hm(k^u)) dS 
Jsr \ 4 on J 

-2-V2 f {2\Vru\' - \Vu\^ + ir'Vn dS, 

f 1 f Oil 

+ / -r^l^Mprfx + y / rHm{k^-u)dS. 

J Br 2 ^ JdQ.ir\Br or 

The left-hand side and right-hand side of (7.6) will be denoted by K^ and 
Kr, respectively. 

(Ill) As in the proof of Theorem 3.2, we see that the second term of Kl is 
nonnegative: Thus we have 



Kt, > rk \u\ dx 



B. 



Br,,R \2 dr 
rk'^lul'^ dx 



^^^e-y\^-2-^^)Wdx 
4 r or 



(7.7) 



J3r 



_I_».2-Q 



.a-l/'«p_i^_«^ -2 1, |2^^^ 



BrgR 



Choose ro = ro{k,a) so large that 



a 



a. 



)r'' > 



ak^ 



(r > ro) 



Then we have 



Kl> f re\u\Ux + rl-^ f 

J BrQ J BrQ R 



^ak"^ 



\u\ dx. 



(7. 



(7.9) 



(IV) We en proceed as in the proof Theorem 3.2 to see that the first term 
of Kji is nonpositive, the fourth and fifth term go to as r | 0, and the 
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third term goes to as r | along an appropriate sequence. Therefore, after 
evaluating the third term using \u\ and \du/du\, we obtain 









I 



u 



2 



(7.10) 



+ \uY)dS 



dr 
with C = C{X,a), and hence it follows from the condition (7.3) that 

/ 2 

re\u\^dx + rl-'' [ r"-i^|M|2rfx = 0, (7.11) 



i5j"Q J h/r 



where Er^ = { a; G R^ : |a;| > tq }, i.e., u is identically zero, which completes 
the proof. || 

Since we have established Theorem 7.1, a two dimensional version of The- 
orem 3.2, we can easily see that each of Corollary 3.6, Theorem 3.7 and Corol- 
lary 3.8 has its two dimensional version only by replacing the conditions (3.24), 
(3.25), and (3.35) by 

liminfi?" / iVi^^ul^ dS = 0, (7.12) 

R^oc Jsr 



hmmtii:" / 

R^oo Jsr 

and 



liminfi?" / \^^iku\^dS = 0, (7.13) 

R^oo Jsr or 



r _ du (7-14) 

Jer Or 

with a > 0. We do not take the trouble to write down these two dimensional 
versions since they are now quite obvious. 

7.2. The evaluation of T>u . 
Consider u given by 

u = R{z)f, 

z = \ + iri {\>0,ri^O), (7.15) 
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Theorem 7.2. Assume Assumption 2.1 with N = 2. Let 1/2 < 6 < I. 

Let < c < d < oo and let J±{c,d) be as in (5.15). Let u be given by 
(7.15) with z G J+{c,d) U J^{c,d). Then there exists a positive constant C = 
C{c,d, fi,6) such that 

\\Vu\\s-i..<C{\\f\\s + \\u\\.s) (7.16) 

where 

\\v\\f^= I \x\\v{x)\'^ dx + I {l + \x\f^\v{x)\'^dx. (7.17) 

JBi JEi 



Proof. Set (p{x) = ^{\x\)/Jfi{x) in (3.7), where 

1 



r' (r < 1/2), 



-±-(l + rf^-^ (r>l). 



We can evaluate each term in (3.7) in quite a similar manner as in the Proof 
of theorem 4.1 except the fourth term 1^4 of the left-hand side which is non- 
positive in our case because C2 = —1/4 < 0. The term —I la can be evaluated 
as 



-hA = -J r''[^-2-'^^h^]\u\'dx 

^JBy^^a \r dr } (7;l9) 

< Ci||-u||^5 + C2 / Ir^ll-upda;, 
and the second term of the right-hand side of (7.19) is eavaluated as 

\T]\\u\^dx<C^(\]\M\ (7.20) 



(see, e.g., Eidus[6], [13], Lemma 2.1), where C\ = Ci{fio,6), C2 = 6*2(0, rf), 
and C3 = C3{c,d, fi). Thus, using (7.19) and (7.21), we can proceed as in the 
proof of Theorem 4.1 to obtain (7.16), which completes the proof. || 

The following corollary is now obvious. 

Corollary 7.3. Let u = R{z)f be ae in Theorem 7.2. Then there exists 
a positive constant C = C{c, d, n, 6) such that 

[ {l + \x\y^-^\Vu-tkxu\^dx<C{\\f\\^s + h\\-5)- (7.21) 

J El 
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7.3. Boundedness of R{z) and the limiting absorption principle. 

The following theorem can be proved in quite the same manner as in the 
proof of Theorem 5.1. 

Theorem 7.4. Suppose that Assumption 2.1 holds with N = 2. Let 
1/2 < 6 < 1. Let < c < d < oo and let J±{c,d) be as in (5.15). Let 
u be given by (7.15) with z G J+{c,d) U J-^{c,d). Then there exists a positive 
constant C = C{c, d, fi, 6) such that 



f {l+r)-^\\Vu\^+\k\^\u\^)dx 
Jes 



< C{1 + s)-^''-'\\\f\\] + Ml,) {s > 1), (7.22) 

where Es = {x E H? : \x\ > s}, and \\ \\t is the norm of L2,t(R^). 

Let Hf(R?), j = 1,2, be defined in §5 with A^ = 2. In order to obtain 
the counterpart of Theorem 5.4, we prepare 

Proposition 7.5. Assume Assumption 2.1 with N = 2. Let 1/2 < 6 < 

1. Let < c < d < oo and let J±{c,d) be as in (5.15). Let u be given 
by (7.15) with z G J-^-{c,d) U J-{c,d). Then there exists a positive constant 
C = C{c, d, /i, 6) such that 

\\uh-s<C\\f\\s. (7.23) 

Proof. Suppose that (7.23) is not true. Then, for each n = 1, 2, ■ ■ -, there 
exist /„ G L2,5(R^) and Zn G J-^-{c,d) U J-{c,d) such that 

f ||f„L < 1/n, 
I ||m„||i_5 = 1, 

where «„ = R{zn)fn. Here we may assume with no loss of generality that 
Zn converges to Zq which is in the closure of J^{c,d) U J^{c,d). We consider 
the case that Zq = \ E [c, d] since the other case is much easier. Then, using 
the Rellich selection theorem and the equation 

- AUn - fl{x)ZnUn = fi{x) fn, (7-25) 

we see there exists a subsequence of {«„} which is a Cauchy sequence in 
if^(R^)ioc- For the sake of simplicity of notation we denote the subsequence by 
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{un} again. In view of Theorem 7.4, {un} is a Cauchy sequence in iJl^(R^). 
Let uo be the hmit function. We have ||mo||i,-5 = 1- It is easy to see that 
uq is a (weak) solution of the homogeneous equation — Amq — fi{x)Xuo = 0, 
and hence we have uq G //^^(R^). On the other hand, it follows from Theorem 
7.2 that, for n = 1, 2, ■ ■ -, 

\\VUn\\5~l,E, < CiWfnWs + \\Un\\-5) 

<C(l/n + l) <2, ^ ■ ^ 

and hence, by letting n — ^ oo, we have ||'D-uo||<5-i,Bi < oo, i.e., Uq satisfies the 
radiation condition. Therefore, by the two dimensional counterpart of Corollary 
3.8, we have uq = 0, which contradicts the fact that ||mo||i,-(5 = 1- This 
completes the proof. || 

Let u = R{z)f be as in Theorem 7.4. Then it follows from (7.23) and the 
equation — Am — f^{x)zu = fi{x)f that 

M2,-5<C\\f\\s (7.27) 

with C = C{c,d,fi,6). As in §5, the operator norm in B(/J^(R^), /J/(R^)) 



will be denoted by || ||L' ->, where j,i = 0, 1,2, s, t G R. Thus we have 



Theorem 7.6. Suppose that Assumption 2.1 holds with N = 2. Let 
1/2 < 6 < 1. Let R{z) he the resolvent of H. Let < c < d < oo and let 
J±{c, d) be as above. Then there is a positive constant C = C{c,d, fi,6) such 
that 

||i?(^)||g;,f <C (7.28) 

for z G J+(c, d) U J^{c, d). 

Now we can proceed as in §6 to obtain the limiting absorption principle 
for H with A^ = 2. 

Theorem 7.7. Suppose that Assumption 2.1 holds with N = 2. Let 
1/2 < 6 < 1 . Let R{z) be the resolvent of H . 

(i) Let A > 0. Then the extended resolvent R±{\) is well-defined by 

R±{\) = \imR{\±ir]) (7.29) 

rilQ 

znB(L2,5(R2), //!,(R2)). 
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(ii) Let D± he given by (6.6) and extend R{z) on D^ as in (6.7), i.e., 
Bn^M /«(^ + "') (A>0..,>0), 

Extend R{z) on D_ as m (6.8). T/ien R{z) is a B(L2,5(R^), //^^(R^))- 
valued continuoius function on each of D^ and D^ . 

(iii) For any z G -D+ [ or D_ ], R{z) is a compact operator from 
L2,5(R') into i/i5(R')- 

(iv) For < c < d < oo there exists a constant C = C(c, d, 6, mo, Mq) > 
such that, for z G J+{c, d) U J-{c, d). 



J^ (1 + r)-'\\VR{z)f\' + \k\'\R{z)f\') dx 
<C\l + .s)-^''-'^\\f\\j 

(s > 1, / G L^AR"")), 
[ \\VRiz)f\\s-^ < CWfWs (/ G L2,5(R^)). 



(7.31) 



Remark 7.8. In the case that A^ > 3, all the constants C which ap- 
pear in the evaluation of R{z) are constructive, i.e., these constants C = 
C{c,d, fi,6,- ■ ■) can be computed explicitly when the values of c, d, fi, 6 
■ ■ ■ are given. On the other hand, the constant C in Proposition 7.5 is not 
constructive in our method, and hence the constant C in Theorem 7.6 is not 
constructive, too. 
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